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Given a closed curve C C C n with zero symplectic area, Allcock showed that C 
bounds an isotropic disk I with 

Area(l) < fiLength 2 (C) 

for some universal constant fi by constructing an explicit isotropic deformation of C to a 
single point. In this note, we wish to prove a relative analogue of this result. Our interest 
comes from the application of the relative isoperimetric inequality to the regularity of 
an area minimizing Lagrangian surface [Wa]. 

Let w = dx 1 Ady 1 +dx 2 Ady 2 be the standard symplectic form on C 2 with coordinates 
z k = x k + iy k , k = 1, 2, and let 

v = \Y,^ kd y k ~ y kdxk )- 

k 

Suppose T C C 2 is a Lagrangian plane through the origin, or a union of two La- 
grangian planes that intersect transversally at the origin. For a connected curve segment 
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C C C 2 with boundary points in T, consider the integral 

1(C) = I T). 

Jc 

Since rj vanishes on T, 1(C) is invariant under isotropic deformation of C with end 
points in T. Moreover, such a curve C bounds a Lagrangian half disk or a wedge if and 
only if 1(C) = 0. 

On the other hand, suppose T is a complex plane through the origin. For any curve 
C with boundary points in T, let C = C U r r (C) be the loop where rr is the reflection 
across T. Then 1(C) = 0, and C always bounds a Lagrangian disk. 

The following relative isoperimetric inequality can be considered as a quantitative 
analysis of these observations. Let D be the closed unit disk in the plane, and D~ = 
{ (x, y) e D I x < }. Denote S~ = { (x, y) e dD~ \ x 2 + y 2 = 1}, and I y = { (x, y) G 
dD~\x = 0}. 

Theorem 1 Let T C C 2 be either a Lagrangian plane, or a complex plane, or a union 
of any two of Lagrangian or complex planes that intersect transversally at the origin. 
There exists a constant fi(T) such that for any W 1 ' 2 curve C : S~ — > C 2 which bounds 
a W 1 ' 2 Lagrangian half disk (or a wedge respectively in case T consists of two planes) 
Iq : D~ — > C 2 with lo(Iy) C V and l \ s - = C, there exists a W 1 ' 2 Lagrangian half 
disk(wedge) I : D~ — > C 2 spanning T and C such that 

Area(l(D-)) < 11 Length 2 (C) . 

If T contains a complex plane, any curve C with boundary in T always bounds a La- 
grangian half disk or a wedge with boundary in T. 

Proof 

1. Case T is a Lagrangian plane, or a union of two transversal Lagrangian planes: 
Suppose T is a Lagrangian plane. Let 7 C T be the straight line between the end points 
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of C. Since T is Lagrangian and C bounds a Lagrangian disk, the symplectic area of the 
loop C U 7 is zero, and it bounds a Lagrangian disk. The proposition follows from the 
Gromov-Allcock isoperimetric inequality for CU 7 as Length^) < Length(C). The 
case of two transversal Lagrangian planes follows similarly. 

2. Case T is a complex plane : Let z 1 , z 2 be the standard coordinates of C 2 , and 
assume T is a z 1 - plane. Let 

a(s) = a 1 {s) + a 2 {s), < s < 1 

be a parametrization of C with a(l) = 0, and each a 1 curve lies in z l -plane. Note a 2 
is a closed curve. By Lemma 2.1 [Al], there exists an isotropic homotopy of a to a curve 
j3 which first transverses a 1 , and then a 2 . 

Lemma 2.2 [Al] gives an isotropic homotopy of a 2 to a closed curve in z 1 -plane, and 
(3 is isotropic homotopic to a curve f3' in z 1 -plane. 

The total area of deformation a — > (3 is bounded by Length 2 (C), and area of (3 — > f3' 
bounded by it Length 2 (C). 

3. Case T is a union of two transversal complex planes, or a union of a complex 
and a Lagrangian planes: Let p±, P2 be the end points of C, and Li = \pi\. Then one 
easily verifies Lj < LengthiC) esc 9, where 9 > is the minimum angle between the 
two planes. The theorem follows from Case 2 by taking a straight line from the origin 
to an end point of C. □ 

Let X be a Kahler surface. A finite distinct ordered set {Pi, P 2 , ... P m = Po} = T C 
X is called a geodesic polygon if T is connected and each face Pi is either a complex curve 
which is a fixed point locus of a Kahler involution r^, or a Lagrangian surface which is a 
fixed point locus of an anti-Kahler involution Ti of X. T is called rational if the group 
generated by {r,, r i+ {\ is finite for each i — 0, 1, ... m — 1. 

Let .D be the unit disk in the plane, and W^ 1,2 (D,X) be the Sobolev space of maps 
with square integrable first derivative. An element / G W l,2 (D , X) with dl : dD — > T is 

3 



called monotone if there exists a partition of 3D on which dl is a monotone map into 
r, [Wa] for detail. 

Corollary 1 Let Y C X be a rational geodesic polygon in a Kahler surafce. Suppose 
I G W 1,2 (D, X) with dl(dD) C T is a weakly conformal, monotone, weakly Lagrangian 
map that is minimizing in its relative homotopy class. Then I is Holder continuous on 
D up to boundary. 

Proof. The interior regularity is proved in Theorem 2.8 in [ScW] by applying Morrey's 
argument. Suppose q G dD is a vertex, and consider a small extension I of I in a 
neighborhood of q by finite successive reflections across the corresponding faces of T, 
which is defined since I is monotone and V is rational. The corollary follows from the 
relative isoperimetric inequality and the interior regularity applied to Z. Regularity along 
the edges follows similarly. □ 
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